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The oxygen-isotope �16O / 18O� effect on the zero-temperature superconducting energy gap �0 is studied for
a series of Y1−xPrxBa2Cu3O7−� samples �0.0�x�0.45�. In analogy to the isotope effect on the superconduct-
ing transition temperature, the isotope effect on �0 increases with decreasing gap magnitude. A generic
correlation between both isotope effects is established, which has been predicted from a polaronic model.
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I. INTRODUCTION

The microscopic pairing mechanism of high-temperature
cuprate superconductors �HTSs� remains unknown even
more than 20 years after their discovery. While for conven-
tional superconductors the isotope effect on Tc has provided
convincing evidence for a phonon-mediated pairing mecha-
nism, the situation in HTSs is more complex, since the iso-
tope effect is strongly doping dependent.1–6 Especially, it is
vanishingly small close to optimum doping.1,2 This observa-
tion has frequently been taken as evidence that the lattice is
inactive in the pairing mechanism. However, with decreasing
doping and decreasing Tc, the isotope effect recovers and
even exceeds the BCS value of 0.5 considerably.1,4–6 While
in conventional superconductors the isotope effect on Tc and
the zero-temperature superconducting energy gap �0 are in-
trinsically correlated, similar conclusions cannot be drawn
for HTSs, especially in view of the complexity of the phase
diagram and the order parameter. Thus, a systematic investi-
gation of an isotope effect on �0 can contribute to the under-
standing of these intricate materials.

In this paper, we report a study of the oxygen-isotope
�16O / 18O� effect �OIE� on �0 in the cuprate superconductor
Y1−xPrxBa2Cu3O7−�. A linear relation between �0 and Tc is
found as predicted theoretically. The isotope effect on �0
scales linearly with the one on Tc and reverses sign around
optimum doping, as anticipated from model calculations.
Different doping levels of the isotope exchanged samples can
be ruled out by performing careful back-exchange experi-
ments.

II. EXPERIMENTAL DETAILS

Polycrystalline samples of Y1−xPrxBa2Cu3O7−� �x
=0.0,0.2,0.3,0.45� were prepared by standard solid state
reaction.7 In order to obtain fine grains needed for the deter-
mination of the magnetic field penetration depth � by low
field magnetization measurements, the ceramic samples were
first grounded for approximately 20 min in air and then
passed through 10 �m sieves. The oxygen-isotope exchange
was performed by heating the samples in 18O2 gas. In order
to ensure the same thermal history of the substituted �18O�

and not substituted �16O� samples, both annealings �in 16O2
and 18O2 gases� were always performed simultaneously. The
18O content was determined from the weight change and
corresponds to a 90�2�% exchange. The samples containing
Pr were c-axis oriented in a field of 9 T, whereas samples
with no Pr remained in nonoriented powder form.

ac and dc magnetization experiments were carried
through in the temperature range 2–100 K by using Quan-
tum Design magnetometers �MPMS and PPMS�. The
samples with no Pr were studied in dc experiments with a dc
field amplitude of 0.5 mT. The oriented samples containing
Pr were investigated with the ac field �field amplitude
0.3 mT and field frequency 333 Hz� applied parallel to the c
axis. The separation of the grains and the absence of weak
links were tested by confirming the linear relation between
the magnetization and the field at T=10 K.8 The dc field
variation ranged from 0.5 to 1.5 mT, and the ac fields from
0.1 to 1 mT with frequencies between 49 and 599 Hz. The
magnetization data were corrected by subtracting the para-
magnetic background.

In Fig. 1, the magnetic susceptibility normalized to that of
an ideal superconductor of spherical shape ��T� /�id is shown
for the c-axis aligned 16O and 18O samples with x=0.2. Since
the ratio ��T� /�id is substantially smaller than 1, it is ensured
that the average size of the grains is comparable to �. This
strong reduction in ��T� /�id is a consequence of the surface-
field penetration in each individual grain. In addition, in the
whole temperature range, ��T� is systematically larger in the
16O samples than in the 18O samples confirming that the
penetration depth is reduced in the former samples as com-
pared to the latter ones, in agreement with previous ob-
servations.3–6,9,10

In order to analyze the experimental data, we assume that
the powder particles have a spherical shape and apply the
Shoenberg formula12

��T� =
3

2
�1 −

3��T�
R

coth
R

��T�
+

3�2�T�
R2 � , �1�

which relates the measured susceptibility � to the magnetic
penetration depth �. Here, R is the average grain-size radius.
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The following issues are important for the interpretation
of the experimental data: �i� When a small magnetic field is
applied along the c axis, the screening currents flow in the ab
plane, decaying on the distance �ab from the grain surface.
Thus experiments on c-axis oriented samples provide direct
information on �ab. �ii� From experiments on nonoriented
powders, an effective averaged penetration depth �ef f can be
extracted. However, in highly anisotropic extreme type-II su-
perconductors �as HTSs�, this can—in turn—be related to the
in-plane penetration depth through the relation
�ef f �1.3�ab.13 �iii� The absolute value of �ab depends on the
value of the susceptibility � and the average grain-size radius
R �see Eq. �1��, whereas the temperature dependence is inde-
pendent of the grain size and entirely given by ��T�.8

III. EXPERIMENTAL RESULTS

The experimental results for the in-plane magnetic field
penetration depth �ab for 16O / 18O substituted
Y1−xPrxBa2Cu3O7−� with x=0.0,0.2,0.3,0.45 are shown in
Fig. 2�a�. In order to account for the undetermined average
grain radius R, the values of �ab

−2�2 K� for the 16O samples
were normalized to those obtained from muon-spin rotation
��SR� experiments.14 To ensure that for the 16O and 18O
substituted samples the doping level remained the same,
back-exchange experiments were performed for two repre-
sentative compositions �see Fig. 2�b��. It is important to note
here that these back-exchange experiments are absolutely es-
sential since they guarantee that any compositional devia-
tions or preparation errors are excluded. Only in this way can
real isotope effects be observed in contrast to marginal ones
caused by different doping levels.15

In the local �London� approximation ����, � is the co-
herence length�, the magnetic penetration depth in an aniso-
tropic superconductor can be calculated via16

�i
−2�T� =

�0e2

4	3

� dSF

vi
� · vi

�

vi
�1 + 2	

�k

� 
 �f

�E
� EdE

�E2 − �k
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�2�

The index i refers to the principal crystallographic axes a, b,
and c, vi is the corresponding ith component of the Fermi
velocity, f = �1+exp�E /kBT��−1 is the Fermi function, �k is
the value of the superconducting energy gap along k, and dSF
is the Fermi surface element. The second term in Eq. �2�,
which is negative, describes the decrease of �i

−2�T� caused by
the thermal population of Bogoliubov quasiparticle levels
with energy E. It is this quantity where the anisotropy and
the magnitude of the energy gap enter. By assuming that the
Fermi velocity is constant, Eq. �2� can be reduced to17
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where �i
−2�0� is the zero-temperature value of the magnetic

penetration depth and ��T ,��=�0 s�T /Tc�g���. The function
g��� describes the angular dependence of the gap, and �0 is
the maximum gap value at T=0. The temperature depen-
dence of the gap �s�T /Tc�� can either be obtained within the
framework of the BCS theory extended to account for a
d-wave superconductor, or by using the tabulated gap
values,18 or by applying the approximate equation17

FIG. 1. �Color online� The temperature dependences of the mag-
netic susceptibility normalized to that for an ideal superconduc-
tor of spherical shape ��T� /�id for 16O / 18O substituted
Y0.8Pr0.2Ba2Cu3O7−�.

FIG. 2. �Color online� �a� Temperature dependences of the
inverse-squared in-plane magnetic field penetration depth �ab

−2 for
16O / 18O substituted Y1−xPrxBa2Cu3O7−� �x=0.0,0.2,0.3,0.45�
samples. The solid lines are results from a numerical analysis as
described in the text. �b� �ab

−2�T� for back-exchanged �16O→ 18O,
18O→ 16O� Y1−xPrxBa2Cu3O7−� �x=0.2,0.3�, showing that the dop-
ing level for the 16O / 18O samples is unchanged.
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��T/Tc� = �0 tanh1.82�1.018�Tc/T − 1�0.51�� . �4�

We emphasize here that the temperature dependence of the
gap in HTSs was found to follow the weak-coupling BCS
prediction.19–21

The result of the analysis of the experimental data by
means of Eq. �3�, with ��T /Tc� described by Eq. �4� and
g���= �cos�2��� for a d-wave gap,22 are shown in Fig. 2 by
solid lines. For T10 K, all experimental data are consis-
tently described by this approach with a nearly linear tem-
perature dependence up to T�0.5Tc. Below 10 K, the ex-
perimental data saturate in contrast to the calculated ones
which continue to increase. This deviance between experi-
ment and theory can be a consequence of impurity
scattering,23 chemical and/or structural defects,24 or may be
due to the above mentioned simplifying assumption that the
gap is of d-wave symmetry only. From the data, neither of
these sources can be identified unambiguously. The values of
Tc and �0 obtained from the analysis of the �ab

−2�T� data are
summarized in Table I. The relative isotope shifts of Tc and
�0 were determined from their relative percentage change
with isotope substitution. The values of �Tc /Tc and ��0 /�0 �
�X /X= �18X− 16X� / 16X, X=Tc or �0�, corrected for the in-
complete isotope exchange in the 18O samples, are also given
in Table I. The results for the OIE on Tc are in accord with
already published data.1,2,4–6,10,11

In Fig. 3, the values of the zero-temperature gap �0, as
determined in this study, are shown as a function of their
corresponding values of Tc. In order to demonstrate their
consistency with previously reported gap values, data for dif-
ferent HTSs, as obtained by a variety of different
methods,25–33 are included together with theoretical results
discussed below.34–36 The good agreement between the �0
values of the present study with those reported in the litera-
ture implies that the above described procedure allows us to
accurately determine the gap values from the measured
�−2�T�. It is important to mention that even though our val-
ues of �0 were derived indirectly and display some scattering
�see Fig. 3�, the OIE on the gap is independent of this meth-
odology, since eventual errors in the absolute values of �0

are systematic due to the same analysis of the data sets of
16O and 18O samples.

It should be outlined here that the use of Eqs. �3� and �4�
in analyzing the experimental data is valid only for the case
of weakly coupled BCS superconductors and does not nec-
essarily hold for HTSs. However, the good agreement be-
tween the theoretically derived curves and the experimental
ones for T10 K �see Fig. 2�, as well as a good correspon-
dence of the previously reported �0 values with those ob-
served in the present study �see Fig. 3�, justifies our ap-
proach.

IV. DISCUSSION

The data presented in Fig. 3 follow a general trend,
namely, �0 scales almost linearly with Tc. The linear relation
between �0 and Tc is absolutely nontrivial, since competing
and coexisting energy scales dominate the phase diagram of
HTSs. Especially, the pseudogap, which is in many experi-
ments undistinguishable from the superconducting gap, has
given rise to statements controverse to our findings, i.e., that
�0 increases with decreasing Tc �see, e.g., Ref. 37 and refer-
ences therein�. The linear relation between �0 and Tc was
predicted by BCS theory with a value of 2�0 /kBTc=3.52,
smaller than observed here �see Fig. 3�, which can be attrib-
uted to the d-wave gap. This linear relation obviously re-
quires that an isotope effect on Tc results in the same isotope
effect on the superconducting energy gap. However, as was
outlined above, the complex symmetry of �0 and the uniden-
tified pairing mechanism do not admit any conclusions on
the doping dependence of the isotope effect on the gap.

The OIE on �0 is compared to the one on Tc in Fig. 4,
together with theoretically derived results.34 Interestingly, the
same linear relation between both is observed in consistency
with a model, where polaronic renormalizations of the
single-particle energies were introduced.34–36 Of fundamental
importance is the observation of a sign reversal of the iso-
tope effect around optimum doping, as predicted in Refs.
34–36, which provides evidence that polaronic effects may
control the physics of HTSs.

TABLE I. Values of Tc and �0 for the 16O / 18O substituted Y1−xPrxBa2Cu3O7−� samples investigated in
this work. The relative isotope shifts of these quantities ��Tc /Tc and ��0 /�0� are given in the last two
columns of the table. The values of �Tc /Tc and ��0 /�0 are corrected for the incomplete isotope exchange in
the 18O samples, where the 18O exchange rate corresponds to 90%.

Sample

16O 18O

�Tc /Tc

�%�
��0 /�0

�%�
Tc

�K�
�0

�meV�
Tc

�K�
�0

�meV�

YBa2Cu3O7−� 93.23�7� 29.75�22� 93.01�6� 30.06�24� −0.26�11� 1.2�1.2�
Y0.8Pr0.2Ba2Cu3O7−� 70.02�6� 19.61�14� 69.22�8� 19.33�13� −1.27�16� −1.6�1.1�
Y0.7Pr0.3Ba2Cu3O7−� 55.50�8� 12.28�9� 54.40�8� 11.98�11� −2.20�23� −2.7�1.3�
Y0.55Pr0.45Ba2Cu3O7−� 33.01�8� 6.87�5� 31.20�7� 6.53�5� −6.09�37� −5.5�1.2�

Y0.8Pr0.2Ba2Cu3O7−� 69.80�6�a 19.54�12�a 69.02�7�b 19.19�13�b −1.24�14� −2.0�1.0�
Y0.7Pr0.3Ba2Cu3O7−� 55.41�8�a 12.21�8�a 54.30�7�b 11.94�8�b −2.23�22� −2.5�1.0�
aResults for back-exchanged 18O→ 16O samples.
bResults for back-exchanged 16O→ 18O samples.
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The theoretical model considers two components where
the doped holes lead to the formation of metallic regions in
the otherwise insulating antiferromagnetic matrix �for de-
tails, see Refs. 34–36�. These holes couple strongly to the
ionic displacements to form polarons with variable spatial
extent. Since these metallic polaronic clusters carry huge
strain fields, a self-organization into patterns �stripes� takes
place which lowers the strain energy and induces interactions
between the matrix and the “polaron stripes.”34 The locally
strong electron-lattice interaction within the metallic regions
causes an s-wave order parameter, in contrast to the embed-
ding matrix with a d-wave order parameter. Interband inter-
actions between both subsystems guarantee a single transi-
tion temperature together with coupled gaps which were
calculated self-consistently. The important effect of the po-
laron formation is an exponential renormalization of the
bandwidth which carries an isotope effect, and an isotope
independent level shift. Principally, all hopping integrals are
renormalized by the polaron formation, but they contribute in
a very different way to the isotope effect.36 By varying the
polaronic coupling, both coupled gaps, �s and �d, are calcu-

lated self-consistently for each coupling from which the av-
erage gap �0=��s

2+�d
2 is obtained as a function of the cor-

responding Tc yielding 2�0 /kBTc=5.34. These results are
included in Fig. 3 as a straight line together with experimen-
tal data obtained by different techniques.25–33 The calculated
oxygen-isotope shift of the average gap �0 vs the one on Tc
is compared to the present data of Y1−xPrxBa2Cu3O7−� in Fig.
4. The observed good agreement between experiment and
theory is in support of polaron formation. Here, it is worth
mentioning that the isotope effect on the individual gaps, i.e.,
�s and �d, is of the same order of magnitude for both gaps,
but always slightly enhanced for the d-wave gap as com-
pared to the s-wave one.34 It is important to emphasize that
even though our approach resembles formally the two-band
BCS theory, we do not consider conventional electron-
phonon coupling as the pairing interaction, but local polaron
formation. This has, besides the above mentioned important
band renormalizations, the additional effect of reducing the
Coulomb repulsion considerably which can even become at-
tractive. A further relevant point to mention is that the cal-
culated isotope effect is a consequence of the renormaliza-
tion of only the second and interplanar hopping integrals
whereas the direct hopping integral yields the wrong ten-
dency of the isotope effect. From these results, conclusions
about the relevant displacement which causes the isotope
effect can be drawn.34–36

V. CONCLUSIONS

In summary, from measurements of the in-plane magnetic
field penetration depth the zero-temperature superconducting
energy gaps �0 for Y1−xPrxBa2Cu3O7−� �0.0�x�0.45� were
determined. A nontrivial linear relation between �0 and Tc
was found as predicted theoretically. The OIE on the super-

µ

µ
µ

∆

δ

FIG. 3. �Color online� The zero-temperature superconducting
gap �0 vs the superconducting transition temperature Tc for
16O / 18O substituted Y1−xPrxBa2Cu3O7−� samples studied in the
present work and various hole-doped HTSs studied by means of
Andreev reflection �AR� �Ref. 25� muon-spin rotation ��SR� �Refs.
26–28�, tunneling �Refs. 29–31�, Raman scattering �RS� �Ref. 32�
and angle-resolved photoemission spectroscopy �ARPES� �Ref. 33�
techniques. Solid red and blue circles are the Y1−xPrxBa2Cu3O7−�

data obtained in the present study �see Table I�. Open circles,
square, and up and down triangles are the data for YBa2Cu3O7−�

�Refs. 25 and 28� and Y1−yCayBa2Cu3O7−� �Ref. 29� �Y123�. The
crossed circle is the data point for YBa2Cu4O8 �Y124� from Ref.
27. Open diamonds and the crossed square are the data for
La2−xSrxCuO4 �La214� from Refs. 26 and 32. The open hexagon
corresponds to Pb doped Bi2Sr2CuO6+x �Bi2201� �Ref. 30� and the
stars represent the data for Bi2Sr2Ca�1−x�YxCu2O8 �Bi2212� �Ref.
33�. The shaded gray area has been extracted from Ref. 31 where
2�0 /kBTc=7.9�5� was observed for Bi2212. The solid line corre-
sponding to 2�0 /kBTc=5.34 has been predicted theoretically by us-
ing a two-component model with polaronic coupling �Ref. 34�. The
dashed line corresponds to the BCS value 2�0 /kBTc=3.52.
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FIG. 4. �Color online� Comparison of the oxygen-isotope shift
on the superconducting gap �0 with the one on the transition tem-
perature Tc for Y1−xPrxBa2Cu3O7−� �x=0.0,0.2,0.3,0.45�. The
circles refer to the present experiments, and the solid line was ob-
tained from model calculations as described in Refs. 34–36. The
stars refer to the back-exchange data.
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conducting gap �0 scales linearly with the one on Tc and
reverses sign around optimum doping. This sign reversal is
in agreement with predictions from model calculations and
unexpected from theories based on purely electronic mecha-
nisms. Different doping levels of the isotope exchanged
samples were ruled out by performing careful back-exchange
experiments. The experimental results together with their
theoretical analysis suggest that unconventional electron-
lattice interactions play an important role in the physics of
high-temperature superconductivity.
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